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1. Tools (s. [3]) 
 
 
Def.: 
 

Let J  be a non-empty interval of . 
Let  be a mapping. φ →:    J
We now define: 
 

 1. φ
 

→:    J  is convex, iff 

[ ] ( )( ) ( ) ( ) ( )∀ ∈ ∀ ∈ φ + − ≤ φ + − φ,   0;1   1 1x y J t tx t y t x t y
 

 2. 
 

Let ( ) +Jφ ⊆ . 

φ →:    J  is logarithmically convex, iff 

( )φ →ln :    J  is convex. 
 

Rem.: 
 

Let . ( )φ ⊆ +J

Because  is convex and monotonically increa-
sing, we get the following: 

→exp :  

 
( )
( )

:     is logarithmically convex  

:     is convex

J

J

φ →

φ →

⇒
 

 
 
 
 
Theo.: 
 

 

Pre.: 
 

Let J  be a non-empty open interval of . 
Let  be a differentiable mapping. φ →: J
 

Ass.: 
 

( )
( )

:  is convex  

:  is monotoncally increasing

J

J

φ → ⇔

′φ →
 

 
 
 
 
Theo.: 
 

 

Pre.: 
 

Let J  be a non-empty open interval of . 
Let  be a 2-times differentiable mapping. φ →: J
 

Ass.: 
 

( ):  is convex  

0

Jφ →
′′φ ≥

⇔
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2. Gamma-Function (s. [3]) 
 
 
The Gamma-function Γ →+:     is defined for all α ∈ +  
through the absolutely convergent integral 
 

     ( )
∞

α− −τΓ α = τ ⋅ τ

>

∫ 1:  

0
0

e d

 
From literature we have: 
 
     is analytically (1) Γ →+:    

 
    ( ) ( )∀α ∈ Γ α + = α ⋅ Γ α+   1  (2) 

 
    ( )∀ ∈ Γ + =  10k k !k  (3) 

 

     (4) 
( )
:     is logarithmically convex

and ergo convex

Γ →+

 
    ( )Γ =1 1 and ( )Γ =2 1 (5) 
 
With (4) and (5) we have: 
 
     is monotonically increasing (6) [Γ | 2; [∞
 
We now define a function ] [γ ∞ →: -1;  through 
 
    ] [ ( ) ( )∀ ∈ − ∞ γ = Γ +1;   : 1u u u  
 
Then we have with (2): 
 
    ] [ ( ) ( ) ( )∀ ∈ − ∞ γ + = + γ1;   1 1v v v v

[∞

 (7) 
 
In addition we have with (6): 
 
     is monotonically increasing (8) [γ | 1;
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3 Two Transformations for Po- 
   wer series 
 
 
For every  there exists two transformations of power 

series: 

α ∈ +

 

    
1

      
0 0

n na x a xn nn
n n

∞ ∞
+α

+ α= =
∑ ∑  (T1)

 
and 
 

    
( )

1 1
      

!
0 0

n nb x b xnn nn n

∞ ∞

n
+α

γ + α= =
∑ ∑  (T2)

 
For every t ∈ + , for wich the considered power series is ab-
solutely convergent, the two transformations (T1) and (T2) are 
absolutely convergent too. 
 
For the transformation (T1) we have: 
 

    
1 1

0 0

n na x x a xn nn
n n

′∞ ∞ +α α−  =
 + α= = 
∑ ∑  

 
Differentiating the transformation (T2) provides you ideally 
with a benign linear ODE. Then a comparison of the transforma-
tion (T1) with the terms of the explicit solution of the ODE 
(s. section 7) leads to an interesting equation. You can apply 
this method on every standard power series, for which there is 
a “good” inner connection of the . bn
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4 Take a Look At ln(1+x) 
 
 
Let . α ∈ +
Let ] [0;1=J . 
We define a mapping f J  through : →
 

    

( ) ( ) ( )

( ) ( )

11
  : ln 1

1
11 1 !

             
!

1

n
nt J f t t t

n
n

n n nt
n

n

∞ −−
∀ ∈ = + = =

=
∞ −− −

=
=

∑

∑
 

 
With Analysis we have: 
 
    f J  is well-defined and differentiable : →
 

We now define the sequence ( )
0

bn n∈
 through 

 

    
( ) ( )

0       0
   : 10 1 1 !       0

n
n b nn n n

=∀ ∈ =  −− − >
 

 
Then the following is true: 
 

    ( ) 1
  

!
0

nt J f t b tnn
n

∞
∀ ∈ =

=
∑  
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5. Differentiating (T1) 
 
 
We define a mapping f J  through : →
 

    ( ) 1
  :

1
0

nt J f t t
t

n

∞
∀ ∈ = =

− =
∑  

 
With Analysis we have: 
 
    f J  is well-defined and differentiable : →
 

We now define the sequence ( )
0

an n∈
 through 

 
        : 10n an∀ ∈ =

 
Then the following is true: 
 

     ( )  
0

nt J f t a tn
n

∞
∀ ∈ =

=
∑
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Let x J . ( )id |=

We now apply the transformation (T1) on : →f J  and get the 
mapping : :A J →α
 

    

( )
( )

( )

( )
( )

1 1  :
1

0

1 1              
1

0

1
              

1

nt J A t a tnn
n

nt
n

n

nt
n

n

∞
+ α+∀ ∈ = =α + α +=

∞
+ α+= =

+ α +=
∞

+α=
+ α=

∑

∑

∑

 

 
Obviously  is well-defined and differentiable and 

the following is true: 

:A J →α

 

    ( ) ( )  
1
t

t J A t t f t
t

α
α′∀ ∈ = ⋅ =α −

 

 
that is 
 

     is an antiderivative of :A J →α 1
x

x

α

−
 on J         (*) 

- 7 - 



6. Differentiating (T2) 
 
 
We now apply the transformation (T2) on f J  and get the 
mapping B J : 

: →
: →α

 

    ( )
( )

( ) ( )
( )

11 1 !
  :

0 1

nb nn nnt J B t t t
n n

n n

∞ ∞ −− −+α +∀ ∈ = =α γ + α γ + α= =
∑ ∑ α  

 
Obviously  is well-defined and differentiable and 

it is for all t : 

:B J →α
J∈

 

    

( ) ( ) ( )
( )

( )

( )
( ) ( )

( )
( )

( )
( ) ( )

( )

( )
( )
( )

( )
( ) ( )

( )

( )
( ) ( )

( )

11 1 ! 1

1
11 1 !1 1

1
2

11 1 !1 1
1

2

1 !1

1
11 1 !1

1
11 1 !1 1 1

1

1

n n nB t n t
n

n
n n nt n
n

n
n n nt t
n

n
n n nt t

n
n

n n nt nt
n

n
n n nt t nt
n

n

∞ −− − +α−′ = + α =α γ + α=
∞ −− −α + α += + + α

γ α + γ + α=
∞ −− −α +α−= + =

γ α γ + α −=
∞ −α +α= + =

γ α γ + α=
∞ −− −α +α= − =

γ α γ + α=
∞ −− −α α+ −= − =

γ α γ + α=

=

∑

∑

∑

∑

∑

∑

( )

t α− =

( ) ( )
( )

( )

( )
( ) ( )

( )
( )

( )
( )( ) ( )

11 1 !1

1

11 1 !1 1

1

1 1

n n nt t x t
n

n

n n nt t x x t
n

n

t t x B x t

′∞ − − −α α+  − =
 γ α γ + α = 

′∞ − − −α α+ −α +α = −
 γ α γ + α = 

′α α+ −α= − αγ α

∑

∑ =
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For all t  we have: J

α

J

∈
 

     ( )( ) ( ) ( ) ( ) ( )1x B x t t B t t B t
′ − α+−α −α ′= −α +α α

 
Then we have for all t : ∈
 

    

( )
( )

( ) ( ) ( )

( )
( ) ( )

1 11

1

B t t t t B t t B t

t B t tB t

− α+α α+  −α ′ ′= − −α + α αγ α  

α ′= + α −α αγ α

=α
 

 
that is 
 

    ( ) ( )
( )

( )1
1 t B t t B tα′+ = + αα αγ α

 

 
that is 
 

    ( )
( ) ( )

( )1
1 1

t B t
t t

B t
αα′ = +α α+ γ α +

 

 
Finally we come to the conclusion: 
 

    ( ) ( ) ( )

 suffices the linear ODE

1
 on 

1 1

B

y y x
x x

 α 
α′ α− = α α+ + γ α 

J
                (9) 
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7. Solution of the ODE (s. [2]) 
 
 
Theo.: 
 

 

Pre.: 
 

Let I  be a non-empty open interval of . 
Let g I  be a continuous mapping. : →
Let  be a continuous mapping. :h I →
Let . Iξ ∈
Let . η ∈
 

Ass.: 
 

The initial-value problem 
 
    ( ) ( ) ( )        y g t y h t y t′ + = ξ = η I∈  
 
has exactly one solution. It exists in all of I . 
 

Rem.: 
 

Let  be the antiderivative of g I  with :G I → : →
( )ξ = 0G , that is 

 

     ( ) ( )   

t

t I G t g d∀ ∈ = τ

ξ
∫ τ

 
Then the solution of the initial-value problem is: 
 

     ( ) ( ) ( ) ( )    

t
G t Gt I y t e h e d

 
 − τ∀ ∈ = ⋅ η + τ ⋅ τ 
 

ξ 
∫

 
The integrals here are abviously well-defined. 
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8. Application of the Previous 
   Theorem 
 
 
For the application of the rule of substitution we need a 
mapping { } { }:  \ 1 \ 1ϕ → − , which is defined through 
 

    { } ( )\ 1   :
1
s

s s
s

∀ ∈ ϕ =
−

 

 
Then the following is true: 
 
    { } { }:  \ 1 \ 1  is differentiableϕ → −  

    { } ( )
( )

1
\ 1   :

21
s s

s
′∀ ∈ ϕ =

−
 

    ] [1
0; 0;1

2
  ϕ ⊆    

 

 
and 
 
    { } { }:  \ 1 \ 1  is bijectiveϕ → −  

     { } { }1 :  \ 1 \ 1  is differentiable−ϕ − →

    { } ( )1\ 1   :
1
t

t t
t

−∀ ∈ − ϕ =
+

 

 
With [3] the following theorem is true (Rule of Substitution): 
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Theo.: 
 

 

Pre.: 
 Let 

1
, 0;0 2

 ∈   
s s  ] [1

Cave!: 0; 0;1
2

   ϕ ⊆      
. 

Let the mapping ] [: 0;1 →u  be defined through 

    ] [ ( ) 1
0;1   :

1 1
t

t u t
t t

α ∀ ∈ =  + + 
 

 
Ass.: 
 

] [: 0;1u →  is differentiable and it is: 

    ( )
( )

( )
1

1
00

s s
u d d

ss

ϕ
ατ τ = σ

− σ
ϕ
∫ ∫ σ 

 
Rem.: 
 

The integrals here are obviously well-defined. 
 

Proof: 
 

With [3] we have: 
 

    ( )
( )

( )
( )( ) ( )

00

s s
u d u d

ss

ϕ
′τ τ = ϕ σ ϕ σ

ϕ
∫ ∫ σ 

 

At that it follows for all 
1

0;
2

 σ ∈   
: 

 

    ( )( ) ( ) ( )
( ) ( ) ( )

1 1
21 1 1

u
α ϕ σ

′ϕ σ ϕ σ = ⋅ ⋅ + ϕ σ + ϕ σ − σ 
 

 

The terms can be interpreted 
1

0;
2

  σ ∈    
: 

 

    
( )
( ) ( ) ( )( )( )1

1

α α ϕ σ − α= ϕ ϕ σ = σ + ϕ σ 
 

    
( )

1 1 1
1

11 1
1 1

= = =σ+ ϕ σ  +  − σ − σ 

− σ 

 

The conclusion for all 
1

0;
2

σ ∈ 
  

 is: 

 

    ( )( ) ( )
( )

1
1

α′ϕ σ ϕ σ = σ ⋅u
− σ
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In the specific case of section 6. ist I J=  and the mappings 

 and h J  are defined through →:g J →:
 

      ( ):
1

t J g t
t

α
∀ ∈ = −

+
 

    
( ) ( )

1
  ( ):

1
t J ht t

t
α∀ ∈ =

+ γ α
 

 

We now define a mapping 
1

: 0;
2

  → α  
T  through 

 

    ( ) ( ) ( ) ( )( )1
0;   : 1
2

s T s s B  α∀ ∈ = γ α ⋅ − ⋅ ϕ  α α 
s

 

 
We finally prove: 
 

    
1

 is an antiderivative of  on 0;
1
x

x 2
T

α  
 α −  

            (**) 

 
that is 
 

    ( ) ( )1 1
, 0;   0 02 1

0

s

s s T s T s d

s

  α∀ ∈ − = σ ⋅  α α − σ  ∫ σ  
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Proof: 

Let 
1

0;0 2
s ∈ 



 and let ( ): :0 0t sξ = = ϕ ∈

→ →:

J . Then we have for 

the antiderivative G J  of g J  with : ( ) 0ξ =G : 
 

     ( ) ( ) ( )( )  ( ) ln 1 ln 1

t

t J Gt g d t∀ ∈ = τ τ = −α + − + ξ

ξ
∫

and 
 

    ( ) 1
  

1
G tt J e

t

α+ ξ ∀ ∈ =  + 
 

 
and 
 

    ( ) 1
  

1
tG tt J e

α +−∀ ∈ =  + ξ 
 

 
Because B  is a solution of the intial-value problem α
 
    ( ) ( ) ( ) ( )        y g t y h t y B t′ + = ξ = ξα J∈

J

 

 
We can apply the theorem of section 7. and get for all t : ∈
 

    ( ) ( )
( ) ( )

1 1
1 1 1

t
t

B d
 α α α + τ   = ξ + ⋅   α α + ξ + τ γ α + τ    ξ 

∫B t       (10) 
+ ξ

τ
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At that equation we have for all ∈t : J
 

    ( ) ( )
( )

( )11
1 1

tt
B B

α α+ +
ξ = ξ  α αα+ ξ  + ξ

 

 
and 
 

    

( ) ( )

( )
( ) ( ) ( )

( )
( )

( )
( )

( )

( )
( )

1 1
1 1 1

1 1

11 1

1
1

1

1 1
1 1

t
t

d

t
t

d

t
t

d

tt
d

α α α + τ + ξ ⋅ ⋅   + ξ + τ γ α + τ   ξ

α αα+ +τ
⋅ ⋅α α+ τ γ α+ ξ + τξ

α α+ τ −α⋅ ⋅ + τ τ =
γ α + τ

ξ

α α+ τ ⋅ ⋅ τ γ α + τ + τ 
ξ

∫

∫

∫

∫

τ =

ξ
τ =

 

 

Now we apply the subsitution 
1
t
t

=s
+

 on the last two 

equations. 
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We get for all 
1

0;
2

 ∈   
s : 

 

    
( ) ( )

( )( )
( )

( )
11

1 1

ss
B B

αα + ϕ+ ϕ 
ξ = ξ  α αα+ ξ  + ξ

 

 
and 
 

    

( )
( ) ( )

( )

( )( )
( ) ( )

( )

( )( )
( )

1 1
1 1 1

1 1
1 1

0

1 1
1

0

s
s

d

s
s

d

s

ss
d

s

ϕα α α+ ϕ  τ + ξ ⋅ ⋅ τ  + ξ + τ γ α + τ   ξ
ϕα α+ ϕ τ ⋅ ⋅ τ γ α + τ + τ 
ϕ

α+ ϕ α⋅ σ ⋅ σ
γ α − σ

∫

∫

∫

=

=  
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Now we can interpret the terms in (10) and get for all 
1

0;
2

s  ∈   
: 

 

    

( )( ) ( )( )

( )( )
( )( )

( )( )
( )

1
0

1 0

1 1
          +

1
0

s
B s B s

s

ss
d

s

α+ ϕ
ϕ = ϕ +α αα

+ ϕ

α+ ϕ α⋅ σ ⋅
γ α − σ∫ σ

              (11) 

 
that is 
 

    

( ) ( )( ) ( )( ) ( )( ) ( )( )1 1 0 0

1
          

1
0

s B s s B s

s
d

s

−α −αγ α + ϕ ϕ − + ϕ ϕ = α α 

α= σ ⋅ σ
− σ∫

 

 

that is ( )1 1
0;   1
2 1

s s
s

 ∀ ∈ + ϕ =  − 
 
 
 

 

 

    ( ) ( ) 1
0 1

0

s
T s d

s

α− = σ ⋅α α − σ∫T s  σ
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9. An Interesting Equation 
 
 
With (*) and (**) we have: 
 

    
1

   0 on 0;
2

A T
  ′ ′∀α ∈ − =  + α α   

 

 
So there exists a mapping :  λ →+  with 

 

    ( ) ( ) ( )1
  0;    

2
s A s ∀α ∈ ∀ ∈ λ α = − + α 

T sα  

 
Because ( ) ( ) lim lim 0

0 0
A s T s

s s
∈ = =+ α α→ + → +

∀α  it follows: 

 
    ( )   0∀α ∈ λ α =+  

 
With the definitions of Aα  and Tα  we have for all α ∈  and 

for all 

+
1

0;
2

 ∈   
s : 

 

    ( ) ( ) ( ) ( )
( )

( )( )
11 1 !1

1 0
1

1 1

n n nns s s
n n

n n

∞ ∞ −− − +α+α α− γ α − ϕ =
+ α Γ + α += =

∑ ∑  

 
At that we can interpret the terms: 
 

    
( )

( )

11 1
    

1
1

n
n

n n
i

i

−γ α
∀ ∈ ∀α ∈ = ⋅+ + Γ + α + + α + α=

∏  

 
and 
 

    ( ) ( )( )
( )

1
  0;  10 2 1

nsnn s s s
ns

+α+α  α∀ ∈ ∀α ∈ ∀ ∈ − ϕ = +   −
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Finally we come to the following conclusion (for all α ∈ +  

and all 
1

0;
2

∈ 
s ): 


 

    
( )
( )

( )1 111 11 1
0

11 1 1

n nn n ns
ni i nsn i i

− −∞ −    − − +α     !
− =

    + α + α−=  =   =  
∑ ∏ ∏  
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